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1. Introduction
The Resonance Chiral Theory (RχT) is a consistent extension of the Chiral Perturbation The-
ory (ChPT) to the region of energies near 1 GeV by explicit introduction of the resonance fields
and exploiting the idea of resonance saturation [1]. One of the advantages of the RχT Lagrangian
at leading order (LO) (which we essentially use in our approach) is that, having a good predictive
power, it contains very few free parameters compared with the other phenomenological models.
The fields of RχT, which correspond to meson resonances, are the large-Nc narrow states with
equal masses within the multiplet. The mass splitting corrections were worked-out in a consis-
tent way for JPC = 1−−,2++,1++,1+−,0−+ nonets [2]. In the light scalar sector (JPC = 0++) the
deviation of mass matrix for physical states from its large-Nc limit is large. There are also other
indications that the O(1/Nc) corrections are very important for the light scalar mesons. For the ad-
vances in the understanding the scalar mesons we refer to the corresponding section in the Particle
Data Review [3] and the Proceedings of the recent Workshop dedicated to the subject [4].
There were numerous attempts to describe the dynamics of the lightest scalar mesons —
a0(980) (IG = 1−), f0(980) and f0(600) ≡ σ (IG = 0+) — by means of chiral theories, e.g. [5 – 7].
In Ref. [5], for instance, a decade ago the light scalars were successfully united into the nonet and
the subsequent symmetry relations were studied. The consideration of scalar sector in RχT usually
avoided the explicit assignments for all of the multiplet members.
The technical work-outs from the RχT for the radiative decays with the scalar mesons can
be found e.g. in Ref. [6]. The general features of the approach are sketched in Section 2. In
Section 3 we pay attention to the important issues like removal of the scalar tadpole terms of the
RχT Lagrangian and η (and η ′) inclusion in RχT.
The estimates of the model parameters in Ref. [6] were carried out in a naïve way (see [8]),
however the interaction pattern and dynamic details remain solid and easily allow for the other
ways of parameter extraction. Improvements on this way were initiated in Ref. [9] and this paper
is aimed to this analysis as well. Section 4 is devoted to the fits of the invariant mass distributions
in the radiative decays of the φ(1020) meson: φ → (γa0 →)γpiη and φ → (γ f0/σ →)γpipi . For
the extraction of the mixing parameter and the couplings we try to use the model-independent
information on the pole position of σ [10], pole position of f0(980) due to Ref. [11] and information
on the a0(980) parameters from Ref. [12]. Brief conclusions are drawn in Section 5.
2. Scalar mesons in RχT
The scalar resonances below 1 GeV (σ , f0(980) and a0(980)) have important consequences
for the low-energy hadronic interactions (e.g. they contribute to ChPT LECs in order O(p4)). If
one does not use any special (non-perturbative) techniques to account for corrections to the leading
order in 1/Nc, then to be consistent with the physics one has to introduce the resulting effects
explicitly in the RχT Lagrangian. One may conclude that the large-Nc counting has to be somewhat
relaxed in favor of effects peculiar for the light scalars, at the same time the chiral symmetry has to
be preserved. With the notation of Refs. [1, 2] the relevant Lagrangian reads
Lscalar =
1
2
〈∇λ S ∇λ S−M2S S2〉+ eSm
〈
S2 χ+
〉
+ kSmS0
〈
Soct χ+
〉− γSm M2S
2
S20 +Lint , (2.1)
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Lint = cd
〈
S uµuµ
〉
+ cm 〈S χ+〉 . (2.2)
Scalar octet Soct and singlet S0 fields are related to the physical degrees of freedom as follows:

a0(980) =S3,
f0(980) =S0 cosθ −S8 sinθ ,
σ =S0 sinθ +S8 cosθ .
(2.3)
Here S3 is the isospin-one, S8 is the isospin-zero neutral members of the flavor octet. There are
indications for the σ , f0(980) and a0(980) mesons to be members of one multiplet [5, 13].
For the attempts to work out the mass splitting for lightest scalar mesons from the kinetic
and mass part of Lagrangian (2.1) we refer to [2, 5]. In the current paper we assume that the
values of eSm, kSm and γSm are implicitly tuned in such a way, that the mass eigenvalues correspond
to the observed poles. In principle, the mixing angle θ is determined by the mass diagonalization,
however it also affects the interaction pattern of the physical states. Within the scope of the paper
we fix the θ from fit to decay distributions.
In the interaction Lagrangian (2.2) the simplification cm,dS = cm,d
(
Soct +S0/
√
3
)
is assumed.
In notation of Ref. [1] it means that c˜m,d = cm,d/
√
3 in the large-Nc limit. The coupling constants
cd and cm have to be fixed from the measured decays. We use the φ radiative decay distributions
for that purpose below in Section 4.
3. Scalar tadpoles, η meson and pseudoscalar decay constants in RχT
The pseudoscalar meson decay constant F receives leading corrections at order O(p4) in ChPT
due to the low energy constant L5. The RχT framework at LO has effectively the same chiral order.
It leads to the same corrections to the decay constants, when one removes the scalar tadpole term
L tadS = 2cm 〈Sχ〉 and use the hypothesis of resonance saturation [14].
Let φ8 = η8 be the octet member, φ0 = η0 be the singlet state, and λ0 ≡
√
2/3 diag(1,1,1).
Then the pseudoscalar nonet in RχT reads u ≡ exp
(
i√
2 ∑
8
b=0
λbφb√
2 fb
)
, where fb had received cor-
rections: f1,2,3 6= f4,5,6,7 6= f8 6= F due to SU(3) flavor breaking and f0 6= f8 6= F due to nonet
symmetry breaking and topological effects of U(1) axial anomaly. The singlet field also obtains an
extra contribution to mass due to U(1) axial anomaly. Translation of the fb constants into those for
physical fields is done in the two-angle mixing scheme, for a review see [15],(
〈0|J8µ ,5(0)|η(p)〉 〈0|J0µ ,5(0)|η(p)〉
〈0|J8µ ,5(0)|η ′(p)〉 〈0|J0µ ,5(0)|η ′(p)〉
)
= i
√
2pµ
(
f8 cosθ8 − f0 sinθ0
f8 sinθ8 f0 cosθ0
)
≡ i
√
2pµ ˆf . (3.1)
For the pseudoscalar nonet in physical basis one gets
u = exp
(
i√
2
[
~pi~σ√
2 fpi
+
λ4K4 +λ5K5 +λ6K6 +λ7K7√
2 fK
+
1√
2
(λ8 λ0) ˆf−1
(
η
η ′
)])
(3.2)
{
η8 = 1cos(θ8−θ0) [η cosθ0 +η
′ sinθ0]
η0 = 1cos(θ8−θ0) [−η sinθ8 +η ′ cosθ8] ,
{
η = η8 cosθ8−η0 sinθ0
η ′ = η8 sin θ8 +η0 cosθ0.
(3.3)
3
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Figure 1: “Best fit”: χ2/d.o. f .(tot) = 1.47, cd = 93+11−5 , cm = 46+9−2, Ma0 = 1150+50−23, M f0 = 986.1+0.4−0.5,
Mσ = 504+242−53 , θ = 36o± 2o (errors from MINOS only). Data: [19, 20].
The mixing angles are determined [16, 17] from experiment. We use θ1 = −9.2◦±1.7◦ and θ8 =
−21.2◦±1.6◦ [16], which correspond to f8 = (1.26±0.04) fpi and f0 = (1.17±0.03) fpi .
In order to make the effective lagrangians read simpler one may apply the following notation
Cq ≡ fpi√3cos(θ8−θ0)
(
1
f0 cosθ0−
1
f8
√
2sinθ8
)
, C′q ≡ fpi√3cos(θ8−θ0)
(
1
f8
√
2cosθ8 + 1f0 sinθ0
)
,
Cs ≡ fpi√3cos(θ8−θ0)
(
1
f0
√
2cosθ0 + 1f8 sinθ8
)
, C′s ≡ fpi√3cos(θ8−θ0)
(
1
f8 cosθ8− 1f0
√
2sinθ0
)
.
Then the pseudoscalar nonet can be written as
u=exp

 i√2 fpi


pi0+Cqη+C′qη ′√
2 pi
+ fpi
fK K
+
pi− −pi
0+Cqη+C′qη ′√
2
fpi
fK K
0
fpi
fK K
− fpi
fK
¯K0 −Csη +C′sη ′



 . (3.4)
4. The φ(1020) radiative decay fits
The dominant decay channels of the scalar mesons are known to be pi+pi−, pi0pi0 for f0(980)
and σ meson, and pi0η for a0(980) meson. Much experimental attention has been paid so far
to the radiative decay of the φ meson: φ(1020) → γa0 → γpiη [18, 19] and φ(1020) → γ f0 →
γpipi [20]. Various models (e.g. [6, 7]) have been proposed to describe these decays. In our previous
consideration [9] we performed the separate fits (pi0pi0 and piη) for the mass-parameters of scalar
mesons and the angle θ , while 4cdcm = F2 and cd = cm relations of Ref. [21] were imposed. The
σ meson contribution was not taken into account and the data points with mpipi > 700 MeV were
fitted. We ended up with χ2/do f = 2.05(pi0pi0), and χ2/do f = 3.32(piη) in a fit to combined
KLOE and Novosibirsk data.
Let ˜MS = MS − i/2 Γ be the complex pole of the amplitude. We define the scalar meson
propagator (see discussion e.g. in [22]) as
D−1S (p
2) = p2−ℜe( ˜M2S + i ˜MS ˜ΓS, tot( ˜M2S))+ i√p2 ˜ΓS, tot(p2), (4.1)
with the Flatté-modified [23] widths
˜Γ f0, σ ,tot(p
2) = ˜Γ f0, σ→pipi(p
2)+ ˜Γ f0, σ→K ¯K(p
2), (4.2)
˜Γa0,tot(p
2) = ˜Γa0→pi0η(p
2)+ ˜Γa0→K ¯K(p
2).
4
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Table 1: MINUIT fit results. Shown errors are due to MINOS. The fixed input values are marked by asterisk.
Couplings and masses are given in MeV.
χ2/do f
Fit cd cm Ma0 M f0 Mσ θ pipi piη tot.
A 46.2∗ 46.2∗ 1030± 7 979.8+0.9−0.9 — 21o± 1o 2.95 4.73 —
B 46.2∗ 46.2∗ 1030± 7 979.0+0.8−0.8 441+15−25 21o± 1o 2.78 4.73 —
C 68± 4 27± 3 985∗ 1001∗ — 22o± 2o 14.25 12.93 12.7
D 131+14−12 73
+7
−5 985∗ 1001∗ — 23o± 1o 6.25 2.48 5.15
E 158+12−12 67
+4
−5 985∗ 1001∗ 441∗ 30o± 1o 4.12 3.30 3.77
F 93+11−5 46
+9
−2 1150
+50
−23 986.1
+0.4
−0.5 504
+242
−53 36o± 2o 1.32 2.07 1.47
These analytic functions of (complex) p2 (continued below the thresholds through
√
p2/4−m2 =
i
√
|p2/4−m2|) are given in Appendix A. One should notice that the exact propagator is of course
different from (4.1). Thus the proper positions of the amplitude poles, ˜MS, do not coincide with the
zeros of D−1(p2) defined by (4.1), in other words, D−1( ˜M2S) 6= 0. Nevertheless, it is of interest to
investigate how the form (4.1) reproduces the data. We use the information on the poles from [10 –
12] and perform the following fits to the φ(1020) radiative decay spectra of Refs. [19, 20]:
A, B fixed: cd = cm = F/2 ≈ 46.2 MeV [21]; (cf. Ref. [9])
fitted (A): Ma0 to piη spectrum, M f0 , θ to pi0pi0 spectrum, mpipi > 700 MeV (separate fits);
fitted (B): Ma0 to piη spectrum, M f0 , Mσ , θ to pi0pi0 spectrum (separate fits);
C-E fixed (C, D): ˜Ma0 = (985±10)− i (50±17) [12], ˜M f0 = 1001− i 16 [11];
fixed (E): ˜Ma0 [12], ˜M f0 [11], ˜Mσ = 441+16−8 − i 272+9−13 [10]
fitted: cd , cm, θ to piη and pi0pi0 spectra (simultaneous fit); mpipi > 700 MeV in C;
E, F fitted: Ma0 , M f0 , (and Mσ in F), cd , cm, θ to piη and pi0pi0 spectra (simultaneous fit).
For φ(1020) → γa0 → γpiη we use only η → γγ data sample of Ref. [18] and exclude the two
rightmost points from fit. The results are shown in Table 1. The best fit including σ meson is Fit F,
it is illustrated in Fig. 1. For Fits C, D, E we employed (4.1), while for Fits A, B and F we assumed
˜Ms ≈ Ms in (4.1) and employed
D−1S (p
2) = p2−M2S +MS ℑm
(
˜ΓS, tot(M2S)
)
+ i
√
p2 ˜ΓS, tot(p2). (4.3)
5. Conclusions
The current results are the good illustration of the model machinery. There are important
theoretical issues in the scalar sector of RχT. Scalar tadpoles and their relevance for the corrections
to pseudoscalar meson decay constants and problem of consistent mass splitting for resonances are
among them. It was also not widely known that the account for the η −η ′ mixing at leading order
in RχT requires the two-angle scheme in the singlet-octet basis.
We have performed several fits to the φ(1020) radiative decay spectra [19, 20] in order to fix
the RχT parameters in the scalar sector. It is observed, that the quality of the fit strongly depends
on the form used for the scalar propagator. We used the information on the pole positions in
5
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order to pin down the masses of scalars in the fit and concluded that this way seems problematic
within the currently used Flatté-like framework. Our best result is the combined Fit F, in which σ
meson contribution is accounted for. It covers the full range of the invariant masses and has total
χ2/d.o. f .= 1.47.
Appropriate and numerically optimal way to fix the model parameters is still to be developed.
The above consideration gives a strong motivation for the further improvement of the model.
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A. Model details for the scalar meson propagators
Here we list the reference formulae (see also [9]). The momentum-dependent widths read
˜Γ f0,σ→pipi,KK (p
2) =
3
2
1
2p2
√
p2
4
−m2pi,K
G2f0,σpipi,KK (p
2)
4pi
, (A.1)
˜Γa0→piη (p
2) =
1
2p2
√
(p2 +m2pi −m2η)2
4p2
−m2pi
G2a0piη (p
2)
4pi
,
˜Γa0→K ¯K(p
2) = 2 1
2p2
√
p2
4
−m2K
G2a0KK(p
2)
4pi
.
It is assumed that
√ f (p2) = ei Arg( f (p2))/2√| f (p2)| if necessary (below the two-kaon threshold).
In the RχT formalism the effective couplings for the scalars are momentum-dependent:
G f0, σKK(p2) ≡ 1/ f 2K
(
gˆ f0, σKK(m
2
K − p2/2)+g f0, σKK
)
, (A.2)
G f0, σpipi(p2) ≡ 1/ f 2pi
(
gˆ f0, σpipi(m
2
pi − p2/2)+g f0, σpipi
)
,
Ga0KK(p2) ≡ 1/ f 2K
(
gˆa0KK(m
2
K − p2/2)+ga0KK
)
,
Ga0piη(p2) ≡ 1/ f 2pi
(
gˆapiη (m2η +m
2
pi − p2)/2+gapiη
)
.
The Lagrangian parameters enter these formulae via
gaKK = −
√
2cmm2K,
gapiη = −2
√
2Cq cm m2pi ,
gˆaKK =
√
2cd ,
gˆapiη = 2
√
2Cq cd
g f pipi = −2cm m2pi(2 cosθ −
√
2 sinθ)/
√
3,
g f KK = −cm m2K(4 cosθ +
√
2 sinθ)/
√
3,
gˆ f pipi = 2cd(2cos θ −
√
2 sinθ)/
√
3,
gˆ f KK = cd(4cos θ +
√
2sinθ)/
√
3,
gσpipi = −2cm m2pi(
√
2 cos θ +2 sinθ)/
√
3,
gσKK = −cm m2K(−
√
2 cos θ +4 sinθ)/
√
3,
gˆσpipi = 2cd(
√
2cosθ +2 sinθ)/
√
3,
gˆσKK = cd(−
√
2 cosθ +4 sin θ)/
√
3.
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